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A NOTE ON THE EXTREMAL PROCESS OF THE SUPERCRITICAL GAUSSIAN 

FREE FIELD 

ALBERTO CHIARINI, ALESSANDRA CIPRIANI, AND RAJAT SUBHRA HAZRA 


Abstract. We consider both the infinite-volume discrete Gaussian Eree Eield (DGEE) and 
the DGEE with zero boundary conditions outside a finite box in dimension larger or equal 
to 3. We show that the associated extremal process converges to a Poisson point process. 
The result follows from an applicafion of fhe Sfein-Chen mefhod from Arrafia ef al. (1989). 


1. Introduction 

In this article we study the behavior of the extremal process of the DGEE in dimension 
larger or equal to 3. This extends the result presented in Chiarini et al. (2015) in which the 
convergence of the rescaled maximum of the infinite-volume DGEE and the 0-boundary 
condition field was shown. It was proved there that the field belongs fo the maximal 
domain of attraction of the Gumbel distribution; hence, a natural question that arises is 
that of describing more precisely ifs exfremal poinfs. In dimension 2, fhis was carried ouf 
by Biskup and Louidor (2013, 2014) complementing a resulf of Bramson et al. (2013) on 
the convergence of the maximum; namely, the characterization of the limiting point pro¬ 
cess with a random mean measure yields as by-product an integral representation of the 
maximum. The extremes of the DGEE in dimension 2 have deep coimections with those of 
Branching Brownian Motion (Aidekon et al. (2013), Arguin et al. (2011, 2012, 2013)). These 
works showed that the limiting point process is a randomly shifted decorated Poisson 
point process, and we refer to Subag and Zeitouni (2015) for sfructural details. In d ^ 3, 
one does not get a non-trivial decoration but instead a Poisson point process analogous to 
the extremal process of independenf Gaussian random variables. To be more precise, we 
lef E := [0, X (—oo, -l-oo] and := [0, n — 1]^ n the hypercube of volume N = n‘^. 
Lef be the infinite-volume DGEE, that is a centered Gaussian field on the square 

lattice with covariance g{-, ■), where g is the Green's function of the simple random walk. 
We define the following sequence of point processes on E: 

Vn{-) ■■= Yj ( 1 ) 

aeVjv V”' W J 
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where Sx{-), x e E, is the point measure that gives mass one to a set containing x and 
zero otherwise, and 


bN ■- ^/g(0) 


loglogN + log(4,T) 
2-^/2hiN 


S{0){bhl) I (2) 


Here g(0) denotes the variance of the DGFE Our main result is 


Theorem 1. For the sequence of point processes rjn defined in (1) we have that 

d 

Pn P, 

as n — > +00, where p is a Poisson random measure on E with intensity measure given by dt(S) 

(e“^ d z) where dt0dzis the Lebesgue measure on E, and is the convergence in distribution 
on Mp(E)^. 

The proof is based on the application of the two-moment method of Arratia et al. (1989) 
thaf allows us fo compare the extremal process of the DGFF and a Poisson point process 
with the same mean measure. To prove that the two processes converge, we will exploit 
a classical theorem by Kallenberg. 

It is natural then to consider also convergence for the DGFF with zero bound¬ 

ary conditions outside Vfq. For the sequences of point measures 

a fcc-l’N '] (■) (^) 


defined in (3) we have that 

pn p, 

as n —>■ +CO in A4p{E), where p is as in Theorem 1. 


Pnif ■■= 2 ^ 

aeVjv 

we establish the following Theorem: 

Theorem 2. For the sequence of point processes p 

d 


The convergence is shown by reducing ourselves fo check the conditions of Kallen- 
berg's Theorem on the bulk of where we have a good control on the drift of the 
conditioned field, and then by showing that the process on the whole of V/v on the 
bulk are close as n becomes large. 

The outline of the paper is as follows. In Section 2 we will recall the definition of DGFF 
and the Stein-Ghen method, while Section 3 and Section 4 are devoted to the proofs of 
Theorems I and 2 respectively. 


^Aip(E) denotes the set of (Radon) point measures on E endowed with the topology of vague 
convergence. 
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2. Preliminaries 

2.1. The DGFF. Let d ^ 3 and denote with || ■ || the £oo-norm on Z^. Let xp = be 

a discrete Gaussian Free Field with zero boundary conditions outside A c Z'^ . On the 

space n := R endowed with its product topology, its law Pa can be explicitly written 
as 

PA(di/^) = ^exp I2 {tp^-tp^f\Yldtpa n 

^ \ ||a-^||=l / aeA ixe'Z'^\A 

In other words xp^ = 0 Pa'^. s. if a e Z^\A, and {xpix)KeA is ^ multivariate Gaussian 
random variable with mean zero and covariance {gAi^^ jS))^ where is the Green's 
function of the discrete Laplacian problem with Dirichlet boundary conditions outside A. 
For a thorough review on the model the reader can refer for example to Sznitman (2012). It 
is known (Georgii, 1988, Chapter 13) that the finite-volume measure xp admits an infinite- 
volume limit as A I Z^ in the weak topology of probability measures. This field will be 
denoted as cp = {(Poc)^^^d. It is a centered Gaussian field with covariance matrix g{a, /3) 
for CL, p ^ Z^. With a slight abuse of notation, we write g{pL — /3) for g{0, cl — (i) and also 
gA(^) = S^a(^/ ^)- g admits a so-called random walk representation: if P^; denotes the law 
of a simple random walk S started at a e Z^, then 


g(cL, /3) = 


Zi ^{s«=/5} 


In particular this gives g(0) < -l-oo for d ^ 3. A comparison of the covariances in the 
infinite and finite-volume is possible in the bulk of Vj^: for > 0 this is defined as 

< := |a e Vn : Ik - ^\\ > Sn, e Z‘^\Vn| . (4) 


In order to compare covariances in the finite and infinite-volume field, we recall the fol¬ 
lowing Lemma, whose proof is presented in Chiarini et al. (2015, Lemma 7)). 

Lemma 3. For any ^ > 0 and cl, ^ e Vfj one has 

'2. d 

- Q ■ < gvj«,li) t g(«,li). (5) 

In particular we have, gv^i^^) = S'(O) + uniformly for cl e 

2.2. The Stein-Chen method. As main tool of this article we will use (and restate here) 
a theorem from Arratia et al. (1989). Consider a sequence of Bernoulli random variables 
{X(g)aei where ~ Be{pa) and I is some index set. For each a we define a subset c X 
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which we consider a "neighborhood" of dependence for the variable X^, such that is 
nearly independent from X^ if /3 e I\Bix. Set 

:= 2 2 

ael peBx 

ocel oi=AfieBa 


&3:= 2e[|E[X«-p,|7^i]|] 

aeX 

where 

Hi :=cr(X^: /3 e X\B«). 

Theorem 4 (Arratia et al. (1989, Theorem 2)). Let I he an index set. Partition the index set 
I into disjoint non-empty sets Ii, ... ,1]^. For any cc e I, let (Xci)a.eX ^ dependent Bernoulli 
process with parameter p^. Let {ya)ixeX independent Poisson random variables with intensity 
Pol- Also let 

Wj:= 2 X« and Zj := ^ and Ay := E[lVy] = E[Zy]. 
oceXj oceXj 

Then 

... ,Wk) - C{Zi,...,Zj,)\\Tv ^ 2min|l, 1.4 (min Ay) (2&i + 2&2 + h^) (6) 

where || ■ H^y denotes the total variation distance and C{Wi,.. W^) denotes the joint law of these 
random variables. 


3. Proof of Theorem 1: the ineinite-volume case 

Proof. We recall that E = [0,1]'^ x (—oo,+oo] and = [0, n — n 'Zf. To show the 
convergence of pn to p, we will exploit Kallenberg's theorem (Kallenberg, 1983, Theorem 
4.7). According to it, we need to verify the following conditions: 

i) for any A, a bounded rectangle^ in [0, lY, and R = {x,y] c (—oo, +oo] 

E[pn{A X (x,y])] ^ E[j/(A x (x,y])] = |A|(e-^ -e'^). 

We adopt the convention e““ = 0 and the notation |A| for the Lebesgue measure 
of A. 

bounded rectangle has the form h x ■ ■ ■ x }d with /,■ = [0, 1] n (a,-, bj], ai, bj e R for all 1 ^ i ^ d. 
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ii) For all k ^ 1, and Ai, A 2 , ..., disjoint rectangles in [0, lY and Ri, R 2 , ■ ■ ■, Rk, 
each of which is a finite union o disjoint f intervals of fhe fype (x, y] c (—00, +00], 


P (y„(Ai xRi) =0, ?]n{A]c X R^) = 0) 

^ P (y(Ai X Ri) = 0, ..., r]{Ak x R^ = 0) = exp ^ |Ay|a; (Rj) 

where a;(dz) := e~^dz. 

Lef us denote by Uj^{z) := a^z + b]si. The first condition follows by Mills ratio 


1 - ^ 




fV V^f 


< P (A/'(0, 1) > f) < 




t > 0 . 


More precisely 

E[y„(A X (x,y])] = ^ P e (wAf(x), ^^(y)]) 

ocenAnVj^ 


aewAnVjv 


^ \nA n VnI 


/ wn(^)^ 



e 2 j(o) 

e 2^(0) 

1 ^ ^ 

^V27IUn{x) V^UMiy) 

V UNiyYJ ^ 


3 -X+o(l) p- 1 /+o(l) 


N 


N 


1 - 


2^(0) logN(l +0(1)) 


|A|(e-^-e-y). 


(7) 


( 8 ) 


(9) 


( 10 ) 


Similarly, one can plug in (9) the reverse bounds of (8) fo prove the lower bound, and thus 
condition i). 

To show ii), we need a few more defails. Lef k ^ 1, Ai, ..., A]^ and Ri,... ,R]^he as in 
the assumptions. Let us denote by Xj = nAj n and X = Xi u ... u Xj^. For a e Xj define 

■= 1 f m-f’N rp 'l 

I “N 1 

and fa '■= P ((cpa — b]\j)/af^ s R^- Choose now a small e > 0 and fix fhe neighborhood of 
dependence := B (a, (logN)^’''^‘^) n X for a s X. Lef Wy := XiaeT, ’^j t’e as in 
Theorem 4. 

By the simple observation that 

P (y„(Ai X Ri) = 0, ..., y„(Afc X Rfc) = 0) = P (Wi = 0, ..., Wfc = 0), 

to prove the convergence (7), we can use Theorem 4 and show that the error bound on 
the RHS of (6) goes to 0. 
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First we bound bi as follows. By definition of Ri, R 2 , ■ ■ ■, Rk, there exists z e R such 
that Rj c (z, + 00 ] for Hence for any for any a e Ij we have that 


Pa = P 


(Pa - 
Un 


( 8 ) 


e Ry < P((pa > Wn(z)) < 


«^(z)2 

e 2 j(o) 

\/2nutj{z) 


?(0). 


The bound is independent of a and j, therefore for some C > 0 

bi < CN(logN)'^( 2 + 2 e) g-22 ^-2 Q_ 


( 11 ) 


For &2 note that it was shown in Chiarini et al. (2015) that for z e R and a ^ ^ e 

P{(p^ > un{z), cpfi > wn(z)) ^ l{z>0}} • 

( 12 ) 

Here we have introduced k := Pq (^Hq = + 00 ^ e (0,1) and Hq = inf {n ^ 1 : S„ = 0}. 
Observe that for any E I and fi ^ Bcc one has 

E[XaX^] < P{(pa > Un{z),(P^ > Um{z)) 

so that by (12) we can find some constant C' > 0 such that 

b2 ^ C'N-'^/(2-’^)(logN)^(2+2e) |g-2z ^-2 z/(2-k) ^ q 

Finally we need to handle b^. From Section 2.2 we set for cc e T, Tii := cr (X^ : /3 e T\Ba) 
and we define 7^2 := ^ {(fp ■ ^ ^ 27(5^). We observe that 

&3 = 2E[|E[X«-p«|7fi]|] ^ 2 e[|E[X.|?72]-P.|] 

ael aeZ 

since T/i ^ %2 and using the tower property of the conditional expectation. Now denote 
by Uoc := Z^\ (X\Ba). Let us abbreviate uj^^Rj) := {u^iy) : y e Rj}. Then for a e Ij and 
by the Markov property of the DGFF (Rodriguez and Sznitman, 2013, Lemma 
1.2) we have that 

E [Xa I 7 ^ 2 ] = PuS'^cc + Pa e u^iRj)) P - a. s. 
where (i/’a)^g^rf is a Gaussian Free Field with zero boundary conditions outside and 

Pa = 2 i^ABa < +“' cpp. 

bei\Bcz 

Here := inf {n ^ 0 : S„ e A}, A c Z'^. Now as in Ghiarini et al. (2015) one can show, 
using the Markov property, that 
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for some c > 0. Hence we get that there exists a constant c' > 0 (independent ot a and j) 
such that 


P > (wn(z)) 


—1—e 




c'exp (-(logN)(1+^ 


(13) 


Recalling that Ry c (z, +oo] for all this immediately shows that for d ^ 3 


SSeOpu. (l/7^ + e UN{Rj)) - Va 

7=1 oteXj 

So to show that ^ 0 we are left with proving 




SSe |P^. (ipc + lift e UN(Ry)) - Pa 

7=1 aeXj 


1 


{I?uK(mn(z)) ‘"I. 


0 . 


(14) 


We now focus on the term inside the summation. For this, first we write Ry = IJ/^i (^/' ^l] 
with —00 < zpi < ri < ZP 2 < • ■ ■ < I'm ^ +oo for some m ^ 1 . Hence, we can expand the 
difference in the absolute value of (14) as follows: 


(pa - + Pa e ^^(Ry))) 

m 

= 2 ^ (WnN), UN(rj)]) - Pu^ {tpa + Pa 6 (wn(w/),^^( r/)])) 

;=i ^ 
m 

= Xi - Pu,(V^a + Pa > Wn(W/))) 

;=i ^ 

771 

- Xi (P(‘P« > i^N(n)) - Pu, + Pa > IIn(i'i))) (15) 

1=1 ^ 


(if r/ = +00 for some /, we conventionally set P{(pu > Wn(i'/)) = 0 and similarly for the 
other summand). Using the triangular inequality in (14), it turns out that to finish it is 
enough to show that for an arbitrary w e R, 


2 E [ Pu.i^cc + Pa > Un{w)) - P{(pa > U^{w)) 
aeX 




0 . 


(16) 


For this, first we show that on Q := ] P{(pa > u^{w)) > P(ja(i/ia + Pa > 


2 ^ [{Pi^^ > iin(w)) 

aeX 


PU.{% + Pa > Un{w))) 1 




0 . 


(17) 
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This follows from the same estimates of T 12 and Claim 6 of Chiarini et al. (2015). Indeed 
on Q n jl^^l < 

2 {P{(pc > Um{iv)) - Pu^ {xpa + }ia> ^nH)) 




< 


ael 


yJ^Uti{vo) 


I 


l-(l + o(l)) 


V 


V^I4Mwn(w) 


1_s(ol'\ iwM^+om W 

^u«w; 2?(o) ^ ^ 


V 


V^^tlN(w)(l+o(l)) 


}} 


jQiPP e 2^(0) 

^ = O (1) . 


Vlnu^^w) 

Similarly one can show that on the complementary event (recall (17) for the defini¬ 
tion of Q) 

2 ^ [i^uMoc + }loc> Un{w)) - P{(pcc > Un(w))) 1q= = o (1). 


aeX 


This shows that bs 0. Hence from Theorem 4 it follows that 


P(Wi=0,...,Wfc = 0)-nP(Z/ = 0) =0(1 ), 

7=1 

having used the independence of the Zj's. Notice that by definition Zy is a Poisson random 
variable with intensity Xiasiy P {(‘Pa — ^n)/^n ^ Rj)- Decomposing Rj as a union of finite 
intervals and using Mills ratio, similarly to the argument leading to (10), one has 

P{Zj = 0)^exp{-\Aj\cv{Rj)) 

(recall co{Rj) = e~^ dz). Hence it follows that 


f]P(Z,=0)^exp -y|/l;|a>(R;) , 


7=1 


7=1 


which completes the proof of ii) and therefore of Theorem 1. 


(18) 

□ 


4. Proof of Theorem 2: the einite-volume case 

We will now show the theorem for the field with zero boundary conditions. As re¬ 
marked in the Introduction, since on the bulk defined in (4) we have a good control on 
the conditioned field, we will first prove convergence therein, and then we will use a 
con verging-together theorem to achieve the final limit. We will first need some notation 
used throughout the Section: first, we consider {xpa)aeVN with law Pjv := Pvw We also use 
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the shortcut •) = )• We will need the notation C^(E) for the set of posifive, 

continuous and compactly supported functions on E = [0,1]'^ x (— oo, +oo]. 


Pn reduction on the bulk 



desired limit 


+OC 


P 


6 


5 


0 


N 


V 


Figure 1. Sketch of the proof of Theorem 2 


We first begin with a lemma on the point process convergence on bulk. Define a point 
process on E by 


/»(■) - E 


V«' “N J 


(19) 


Lemma 5. Eet ^ > 0. On Aip{E), where is a Poisson random measure with intensity 

dfi , (X) (e^^dx)*^. 

Proof. We will show i) and ii) of Page 4 (and from which we will borrow the notation 
starting from now). 


‘‘d I| ^ is the restriction of the Lebesgue measure to \5,1 — 3^. 
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i) We begin with an upper bound on [pfi{A x (x,i/])]: 

2 PN(^a > Un{x)) - Pn{^oc > Wn( 1 /)) 


ocenAnV^ 


( 8 ) 

< 


' 2gNM 


'‘N(yr 


„ e ! - e / - 


aenAnV^ 


LeirmaS y e 2g(°)(i+‘^«) 
..„AnVi 


-\/s(o)(i + <;») 


"N(yr 

^/27zu]si{y) 


^/gio)i^+Cn) 


n^+00 


(e-^_e-y) Ar.[5,l-6X 


( 20 ) 


We stress that in the second step the error term Cn ■= O coming from Lemma 3 

guarantees the convergence in the last line. The lower bound follows similarly, 
ii) To show the second condition we again use Theorem 4. Let Ai,..., A^ and Ri,... ,Rk 
be as in proof of Theorem 1. Lef Ij := nAj n and 1 = Ii u ■ ■ ■ u I]^. For e > 0 we are 

sefting Ba := B (logN)^(^+^ ))n I. Note that, albeit slightly different, we are using 
the same notations for fhe neighborhood of dependence and the index sets of Secfion 3, 
but no confusion should arise. Observe fhaf there exists z e R such that for all 1 
Rj c (z, oo]; we have 

/ih^-higr \ - (8) e ^sio) ! - 

= Pn ^ ^N{Rj)j < Pn > u^iz)) < 

where we have also used fhe facf fhaf gN{x) < S^(O). The bound on bi (cf. Theorem 4) 
follows exactly as in (11) and yields that, for some C > 0, 

bi < CN(logN)'^(2+2e) g-22 ^-2 Q 


The calculation of b 2 can be performed similarly using the covariance matrix of the vector 
{tpci, tpp), IX ^ ^ e and Lemma 3. This gives that for some C, C' > 0 independent of 

IX, 


ocgX peBa ° 

^ C'N"''/(2"'')(logN)2'^(^+''^ max i e 


g{0)+g{ix-^) 


1 + ' 


o ( 


,-2z 


l{z«:0}/e ''^l{z>0} 
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(cf. Chiarini et al. (2015)). We will now pass to b^. We repeat our choice of Hi = 
a (X^ : /3 e X\Ba) and H 2 = o' : /3 e X\Ba) so that b^ becomes 


Z S En 

j=l aelj 


-N 


[x.-p.iHi]|] «x;i;en 

i=l aelj 


En [^oilHl] — Pk 


We define Ua := V]^\{T\Ba). By the Markov property of the DGFF 

En [^a I Hi] = PUcci^a + e ^^(Ry)) P^f - a. S. 


( 21 ) 


for (^a)^g 2 d a DGFF with law P(j^ and is independent of From Ghiarini et al. 


(2015) we can see that, for a and N large enough such that B ( a, (log N)^^^’'' 


Vn, 


Var [/i^] = 2 < +^r gNin ^) 

peT\Boc 

c 

^ sup g^{ci, |6) ^ 

peI\Bt, 


(logN)2(l+e)(^-2)' 


This yields 


Xi Xj PLr«(^a + ha) > U]sl{Rj)) - Pa 

i=\ aeXj 


1 


{|/Xa|>(MN(z)) 


0 . 


( 22 ) 


It then suffices to show 

Z S En 

j=l aeXj 


PuMcc+ha) > WN(By)) - p^ 




0 . 


(23) 


One sees that the breaking up (15) can be performed also here replacing cpa and xpa (with 
their laws) with ipa and ^a (with their laws) respectively, and pa with ha- Accordingly, it 
is enough to show that 


Yj En PuA^a + ha> U^izv)) - PNi^a > Un{iv)) 
aeX 


1 




0 (24) 


for all zp e R. To this aim, we choose for any zp e R the event 

Q' := iPNi^a > unM) > PuaiU + ha > un(w 


and we proceed as in (17) with the help of Lemma 3 to show (24). Given this, the conver¬ 
gence &3 ^ 0 is finally ensured. Hence we can conclude that 

l|/:(Wi,..., Wfc)-/:(Zi,...,Zfc)||Tv-o 
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where Zy are i. i. d. Poisson of mean pcc- By Mills ratio, as in (20) we see that 


P(Zy = 0) ^ exp 


Aj n 


[SA-SY\cv{Rj)). 


From this it follows that the two conditions i) and ii) of Kallenberg's Theorem are satisfied, 
and thus we obtain the convergence to a Poisson point process with mean measure given 
in i). □ 


Proof of Theorem 2. A4p(E) is a Polish space with metric d^: 


dp(h' h') = Yj 

;>1 


min{|^(/f) -/(/^)|, 1} 
2i 


p, p' E Mp(E) 


for a sequence of functions fj e Cf (E) (cf. Resnick (1987, Section 3.3)). Therefore we are in 
the condition to use a converging-together theorem (Resnick, 2007, Theorem 3.5), namely 

to prove that pn p it is enough to show the following: 

(a) p"^, as n ^ +oo. 

(b) p as (5 ^ 0. 

(c) For every e > 0, 

lim lim (dp > e) = 0. (25) 

^^OM^ + OO V ^ V / / 


Note that by Lemma 5, (a) is satisfied. For f ^ Cf (£), the Laplace functional of p^ is given 
by (cf. Resnick (1987, Prop. 3.6)) 


^s(f) := E 


exp 


= exp 


l_e-/(f'^)Ut| ,e-^dx 


Hence by the dominated convergence theorem we can exchange limit and expectation as 
(5 ^ 0 to obtain that 


Yj(/) ^exp J (l-e-/(^'^))dfe-Mx 

and the right hand side is the Laplace functional of p at /. This shows (b). 

Hence to complete the proof it is enough to show (25). Thanks to the definition of the 
metric dp it suffices to prove that for f e Cf{E) and for e > 0 


lim sup 

(5^0 


lim P 

«—> + 00 


N 


+(/)-/„(/) 


> £ 


0 . 


Without loss of generality assume that the support of / is contained in [0, lY x [zq, +go) 
for some zq e R. Choosing n large enough such that iijv(zo) > 0 and ^ S'(O)/ we 
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obtain that 


-N 




= E 


N 


^ r I ^ ~ 

^ ^ n' 


<sup|/(z)| 2 Pn 

aeVN\V^ 

< C' (l-{l-23)‘‘) e"^o 


«eyN\< 

- &N 
Un 


If >px-bj^ 
1 ®N 


>Z0 


( 8 ) 


>z„)5'c 2 

«eVN\y^ 


,-M]v(zo)2/x(0) 


,( V2xun(zo) 


g(0) 


as n —» +00 for some positive constants C, C'. Now letting S 
this completes the proof. 


0 the result follows and 

□ 
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